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Quantum state tomography relies on the ability to perform well-characterized unitary operations,
which are not always available. This places restrictions on which physical systems can be char-
acterized using such techniques. We develop a formalism that circumvents the requirement for
well-characterized unitary operations by treating unknown parameters in the state and unitary pro-
cess on the same footing; thereby simultaneously performing state and partial process tomography.
Our formalism is generalized to d-level systems, and we provide a specific example for a V-type
three-level atomic system whose transition dipole moments are not known. We show that it is al-
ways possible to retrieve not only the unknown state but also the process parameters, except for a
set of zero measure in the state-parameter space.
PACS numbers: 03.65.Wj
I. INTRODUCTION
The characterization of quantum states and processes
is a key step in quantum information processing and
quantum computing [1]. For quantum states, such char-
acterization can be achieved by performing a variety of
measurements on many identically-prepared copies of the
state, then using these results to reconstruct the density
matrix that represents the state. This technique is known
as quantum state tomography (QST) [2–4].
The diverse set of prescribed measurements is typi-
cally achieved by applying unitary transformations to the
quantum state before measurement in a convenient ba-
sis. This requires a well-characterized unitary operation,
which is not always available. Self-calibrating tomogra-
phy (SCT) aims to circumvent this requirement by treat-
ing all unknown parameters—both in the state and the
process—on the same footing [5]. SCT allows the recon-
struction of a quantum state despite incomplete knowl-
edge of the unitary operations used to change the mea-
surement basis, while simultaneously solving for the un-
known parameters in the unitary.
The duality between unknown parameters in the state
and process was first highlighted by Brif and Mann [6]
in the context of spectroscopy and interferometry, and
the concept of performing tomography with unknown pa-
rameters in both the state, as well as the process, was
introduced by Mogilevtsev [7] in the context of detector
tomography (see also subsequent work by Mogilevtsev et
al. [8]). Related ideas have also been investigated in the
context of gate set tomography by Merkel et al. [9].
The use of partially characterized unitary operations
for quantum state tomography was first considered by
∗Electronic address: nquesada@physics.utoronto.ca
Bran´czyk et al. [5]. There we examined a specific ex-
ample: tomography of single and entangled qubits us-
ing unitary operations with one unknown parameter.
We successfully reconstructed the state of polarization-
encoded photonic qubits using a wave plate with un-
known retardance. In this work we extend and formalize
the ideas introduced in [5] and provide a full theoret-
ical treatment in Section II. Using this formalism, we
then show how to generalize SCT to the case of multi-
dimensional systems in Section III. The characterization
of multi-dimensional systems is relevant to fundamen-
tal questions regarding non-locality in higher dimensions
[10, 11] as well as improved security using quantum key
distribution [12, 13]. Recent interest in quantum effects
in biological systems [14–16]—where complex molecular
systems undergo poorly-characterized evolution—further
motivates the need for techniques such as SCT for higher-
dimensional systems.
To demonstrate the adaptation to higher-dimensional
systems, we consider a specific physical example in Sec-
tion IV: a non-degenerate V-type three-level atomic sys-
tem with unknown transition dipole moments, coupled
to the radiation field. This system is a basic model for
the strongly-coupled dimer found in cryptophyte antenna
proteins [15]. We show how SCT can be used to recover
the quantum state of the three-levels system as well as
determine the unknown transition dipole moments.
II. TWO-LEVEL SYSTEM
In this section, we develop a full theoretical treatment
for self-calibrating tomography (SCT) in the context of
qubits. We explore several scenarios including the one
originally discussed in [5] and we prove that such schemes
will be able to reconstruct any possible state of a qubit
system except for a set of zero measure. In this exception,
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2a different scheme can be used.
A requirement of quantum state tomography is the
ability to perform measurements in a variety of differ-
ent bases. In many physical systems, there is a “pre-
ferred” basis in which a measurement can be made, e.g.
the horizontal/vertical polarization basis in polarization-
encoded single photons; or the ground/excited state basis
for atomic systems. Other bases are typically accessed by
performing well-characterized unitary operations on the
state before measurement, effectively changing the mea-
surement basis.
Self-calibrating tomography considers the case where
this unitary operation is not completely characterized,
yet controllable to some extent. It is “self-calibrating” in
the sense that certain parameters defining the measure-
ment basis do not need to be calibrated in advance.
To illustrate the concept, we begin by defining a gen-
eral qubit density operator and a general generator of
rotations that is related to the Hamiltonian Hˆ(t) that
governs the unitary evolution of the state. We then show
how the measurement statistics depend on the parame-
ters of the initial state and the unitary.
The single-qubit state ρˆ and generator of rotations
under which the state evolves Gˆ = 1~
∫
dtHˆ(t) can be
written in the eigenbasis of the Pauli operator σˆz, i.e.
{|0〉 , |1〉}, as follows:
ρˆ =
(
ρ00 e
−iγρ01
eiγρ01 ρ11
)
; (1a)
Gˆ =
1
2
(
hz e
−iφhc
eiφhc −hz
)
. (1b)
This parametrization yields simpler analytical expres-
sions for the measurement statistics than the usual nor-
malized Stokes’ parameters. In addition, it highlights the
relationship between the angles φ and γ, which will be
discussed below. The components of the Bloch vectors
associated with ρˆ and Gˆ are given by:
~vρˆ = {2ρ01 cos(γ), 2ρ01 sin(γ), ρ00 − ρ11} ; (2a)
~vGˆ = {hc cos(φ), hc sin(φ), hz} . (2b)
For ρˆ to provide a valid description of a quantum state,
it must have positive eigenvalues and unit trace. Given
the parametrization in Equation (1a), these constraints
are equivalent to
|~vρˆ| =
√
4ρ201 + (ρ00 − ρ11) 2 ≤ tr(ρˆ) = ρ00 + ρ11 = 1 .
(3)
The action of the Hamiltonian on the state will be
given by
ρˆ −→ ρˆν = Uˆν ρˆUˆ†ν , (4)
with
Uˆν(hz, hc, φ) = e−iGˆ(hz,hc,φ) , (5)
where we assume that the Hamiltonian commutes with
itself at all times. We use the label ν to refer to a specific
set of parameters {hz, hc, φ} within the generator G.
By expanding the exponential it is easy to see that the
Bloch vector of the state ρˆ is rotated by an angle
Ω = |~vGˆ| =
√
h2c + h
2
z (6)
around the axis specified by the Bloch vector of Gˆ. This is
then an active transformation of the vector. Equivalently
the action of the Hamiltonian can be defined in terms of
the basis elements {|0〉 , |1〉}:
|0〉 −→ |0ν〉 = Uˆ†ν |0〉 ; (7a)
|1〉 −→ |1ν〉 = Uˆ†ν |1〉 . (7b)
In this interpretation, the Bloch vector of the state
remains fixed but the Bloch sphere itself rotates by an
angle −Ω around the axis ~vGˆ. This is the passive trans-
formation of the reference frame, which is equivalent to
the transformation of the basis vectors and is illustrated
in FIG. (1). Either way, transformation of ρˆ according
to Uˆν , followed by measurement in the {|0〉 , |1〉} basis
constitutes measurements given by the projectors
Πˆ0ν = |0ν〉 〈0ν | ; Πˆ1ν = |1ν〉 〈1ν | . (8)
We draw attention to the fact that the superscript j in
Πˆjν is a label denoting the original projector and should
not be mistaken for an exponent. The statistics associ-
ated with measuring Πˆ0ν are given by
n0ν = tr
(
ρˆ′Πˆ0ν
)
=
∑
i<j
fijρij , (9)
where ρˆ′ = N ρˆ and N is a constant that depends on the
duration of data collection, detector efficiency, loss etc.
In what follows we reabsorb this constant into ρˆ′ and thus
recast the condition tr(ρˆ) = 1 into tr(ρˆ′) = N . Once the
unnomarlized density matrix ρˆ′ is determined it suffices
to divide by its trace to recover ρˆ. The coefficients in
Equation (9) are given by
f00 = c
2 + s2h˜2z ; (10a)
f11 = s
2h˜2c ; (10b)
f01 = 2
(
c sin(β) + s cos(β)h˜z
)√
f11 , (10c)
where h˜i = hi/Ω, c = cos(Ω/2), s = sin(Ω/2), and
β = φ−γ. We note that there is a non-linear relationship
between the measurement statistics n0ν and the param-
eters hz, hc and β. Similarly, the statistics associated
with measuring Πˆ1ν are given by
n1ν = tr
(
ρˆ′Πˆ1ν
)
=
∑
i<j
gijρij , (11)
3a) c) d)b)
FIG. 1: The Bloch vectors ~vρˆ and ~vGˆ, given in Equation (2), shown on: (a) the Bloch sphere; and (b) a cross-section of the
Bloch sphere. The unitary operation Uˆν , shown in Equation (5), can be thought of as either: (c) rotating ~vρˆ about ~vGˆ; or (d)
rotating the reference frame about ~vGˆ in the opposite direction.
where
g00 = s
2h˜2c ; (12a)
g11 = c
2 + s2h˜2z ; (12b)
g01 = − 2
(
c sin(β) + s cos(β)h˜z
)√
g00 . (12c)
We now examine the forms of n0ν and n
1
ν to determine
how much information can be extracted about the state
and the process. It can be seen that just one type of
measurement, either Πˆ0ν or Πˆ
1
ν , is sufficient to access the
elements ρ00, ρ01 and ρ11 of the density matrix in Equa-
tion (1a). Inspection of the coefficients f01 and g01 shows
that the system of equations can also be solved for the el-
ements hc and hz in the unitary in Equation (5). Further
inspection reveals that the system of equations can only
be solved for β = φ − γ: only if the phase φ is known,
can the complete state be reconstructed; similarly, only
if the phase γ is known, can the complete unitary be
reconstructed.
We now define a set of measurement statistics Λ ⊆
{n0ν1 , n0ν2 . . . , n1ν1 , n1ν2 . . . } and a set of unknown param-
eters Γ ⊆ {ρ00, ρ01, ρ11, hz, hc, β}. Determining whether
the set of equations in (9) and/or (11), parameterized
by Λ, will be invertible for Γ is a standard problem of
analysis [17]. This occurs when the Jacobian, i.e. the
determinant of the Jacobian matrix, is non-zero,
J = det
(
∂Λ
∂Γ
)
6= 0 . (13)
It is important to mention that when the inversion is
performed in practice, errors will be present in the mea-
surement statistics. For “small” values of the Jacobian,
the inversion might not always be completely meaning-
ful. The study of errors is important and will need to be
done on a case-by-case basis, but lies outside the scope
of this paper.
An appropriate set of different realizations of one of
the projectors Πˆjν that satisfies the invertibility condi-
tion in Equation (13) can be used to construct a set of
equations invertible for the unknown parameters, thereby
realizing quantum state tomography of the two-level sys-
tem and/or quantum process tomography of the unitary.
In the remainder of this section, we discuss several sce-
narios, beginning with a completely characterized unitary
before extending the formalism to include unknown pa-
rameters in the generator Gˆ.
A. Completely characterized unitary
We first consider the familiar scenario where one has
complete knowledge and control over the unitary oper-
ation. Given the ability to measure in one particular
basis, one can make measurements in any arbitrary basis
{|0ν〉 , |1ν〉}.
As an illustrative example, we consider the four mea-
surements introduced by White et al. [18] which corre-
spond to the four measurement operators
Πˆ0 = |0〉 〈0| ; (14a)
Πˆ1 = |1〉 〈1| ; (14b)
Πˆ1ν = Uˆν |1〉 〈1| Uˆ†ν ; for ν = i, ii , (14c)
where the unitary operations are given by
Uˆi = Uˆ(0, pi/2, 0) ; (15a)
Uˆii = Uˆ(0, pi/2, pi/2) , (15b)
and Uˆ(hz, hc, φ) is defined in Equation (5). The Jacobian
for this scenario is given by
Ja = det
(
∂(n0, n1, n1i , n
1
ii)
∂(ρ00, ρ01, ρ11, γ)
)
= ρ01 . (16)
As long as ρˆ has non-zero coherence, we can solve for all
unknown parameters Γ = {ρ00, ρ01, ρ11, γ}. If ρ01 = 0,
the phase γ will be undefined; however, the system of
equations will still be invertible as in this situation γ will
be absent from the expressions for njν .
4B. One unknown parameter in the unitary
We now consider a scenario where Gˆ contains one un-
known parameter. To solve for this additional parameter,
we require one additional measurement. We consider the
scenario introduced by Bran´czyk et al. [5] (with some mi-
nor adjustments), which requires hz = 0, and hc = mcλc
where mc is a controllable parameter and λc is unknown.
We also require the ability to control φ. Such a physi-
cal scenario can be realized when a polarization encoded
qubit passes through mc wave-plates of unknown retar-
dance λc at an orientation specified by φ.
Under these conditions, we construct five measurement
operators:
Πˆ1 = |1〉 〈1| ; (17a)
Πˆ1ν = Uˆν |1〉 〈1| Uˆ†ν ; for ν = i, ii, iii, iv , (17b)
where the unitary operations are given by
Uˆi = Uˆ(0, λc, 0) ; (18a)
Uˆii = Uˆ(0, 2λc, 0) ; (18b)
Uˆiii = Uˆ(0, λc, pi/2) ; (18c)
Uˆiv = Uˆ(0, 2λc, pi/2) , (18d)
and Uˆ(hz, hc, φ) is defined in Equation (5).
The Jacobian for this scenario is given by
Jb = det
(
∂(n1, n1i , n
1
ii, n
1
iii, n
1
iv)
∂(ρ00, ρ01, ρ11, λc, γ)
)
(19)
= 64ρ201 sin
6
(
λc
2
)
cos4
(
λc
2
)
× (sin(γ)− cos(γ)) .
(20)
Jb will be equal to zero in the following circumstances:
ρ01 = 0 ; (21a)
λc = 0 ; (21b)
λc = pi/2 ; (21c)
γ = pi/4 , (21d)
and therefore the transformation will not be invertible.
Let’s examine each circumstance individually. The case
where ρ01 = 0 was discussed in the previous section.
When λc = 0, we never change the measurement basis
and thus trivially nothing can be learnt about the state
except for the value of ρ00. If λc = pi, then Uˆii = Uˆiv, lead-
ing to redundancy in the measurement statistics thus pro-
viding insufficient information. To understand the last
condition, one must look at the explicit forms of n1i and
n1ii, which differ from n
1
ii and n
1
iv by sin(γ) → cos(γ) re-
spectively. When γ = pi/4, sin(γ) = cos(γ), once again
leading to redundancy in the measurement statistics.
In all other circumstances, the system will be solvable
for the unknown parameters in the density matrix and
the unitary.
C. Two unknown parameters in the unitary
We now introduce an additional unknown parameter
in the generator, such that hz = mzλz where mz is con-
trollable and λz is unknown. We can build upon the
results of the previous section, where we had implicitly
set mz = 0, and now make an additional measurement
given by the measurement operator
Πˆ1v = Uˆv |1〉 〈1| Uˆ†v , (22)
where the unitary operation is given by
Uˆv = Uˆ(λz, 0, 0) . (23)
The Jacobian for this scenario is given by
Jc =
∂n1v
∂λz
Jb = 6λz
2ρ00Jb , (24)
where Jb is defined in Equation (20). The Jacobian
adopts this simple form because Jc is upper block trian-
gular where the first block is identical to Jb and the other
block is simply given by ∂n1z/∂λz. As long as Jb 6= 0, and
λz 6= 0 in the sixth measurement, the system will be solv-
able for the unknown parameters in the density matrix
and the unitary.
D. Uniqueness of the solution
The solutions to Equations (9) and (11) are not always
unique. As can be seen from Equations (10) and (12),
the measurements statistics do not depend on φ and γ
independently but rather on their difference β = φ − γ.
Given solutions for γ and φ, there are other solutions
γ + η, φ+ η that will give rise to the same measurement
statistics. Another way to see this it to notice that one
can perform a non trivial unitary transformation
Vˆ(η) = |0〉 〈0|+ eiη |1〉 〈1| (25)
to the state ρˆ′ and to the generator of rotations Gˆ that
leaves the measurement statistics untouched. To this
end, notice that Vˆ has no effect on the unrotated pro-
jectors, i.e. V† |i〉 〈i| V = |i〉 〈i| for i = 0, 1. Because of
this identity, it follows that Equations (9) and (11) can
be rewritten as:
niν = tr
(
ρˆ′Πˆiν
)
(26)
= tr
(
ρˆ′Uˆν† |i〉 〈i| Uˆν
)
(27)
= tr
(
ρˆ′Uˆν†Vˆ† |i〉 〈i| VˆUˆν
)
. (28)
One can insert the identity I = VˆVˆ† = Vˆ†Vˆ on both
sides of ρ′ and use the cyclical property of the trace to
write:
niν = tr
(
ρˆ′Uˆν† |i〉 〈i| Uˆν
)
, (29)
5a) b)
FIG. 2: Representation of two qudit systems with d = 3.
In (a) each level can be coupled to each other level by the
Hamiltonian interactions represented by the blue arrows. In
(b) the two levels |1〉 and |2〉 cannot be coupled directly but
can still interact to second order through the level |0〉.
where:
ρˆ′ = Vˆ ρˆ(ρ00, ρ11, ρ01, γ)Vˆ† (30a)
= ρˆ(ρ00, ρ11, ρ01, γ + η) (30b)
and
Uˆν = Vˆ exp(−iGˆ(hz, hc, φ))Vˆ† (31a)
= exp(−iGˆ(hz, hc, φ+ η)) . (31b)
Thus, the multiple solutions found when Equations (9)
and (11) are inverted are related by a simple unitary of
the form (25). One simple way to make the inversion
single-valued is to demand that the generator of rotations
Gˆ has positive off-diagonal elements, which is equivalent
to applying Vˆ(−φ). Finally, notice that if one only de-
mands real off-diagonal elements then one will find two
possible solutions sets that are related by the unitary
Vˆ(pi) = σˆz as was noticed in [5].
III. GENERALIZATION TO
MULTI-DIMENSIONAL SYSTEMS
Now that we have established the formalism for two-
level systems, the generalization to multi-dimensional
systems follows readily. One applies the same procedure:
1) write down the unitary being applied to the state,
making note of parameters that are unknown as well as
parameters that are controllable; 2) construct a set of
measurement operators analogous to those in Equations
(17) using different realizations of the unitary, achieved
with different settings of the controllable parameters; 3)
check that the measurement operators are suitable by
calculating the Jacobian in Equation (13); 4) collect mea-
surement statistics from measurements given by the mea-
surement operators in step 2; 5) solve for the unknown
parameters using one of a variety of methods, includ-
ing simple linear inversion, least-squares estimation or
the popular maximum likelihood estimation method [19]
which was used in the original realization of SCT in [5]
and gave excellent results in the experiment. Alterna-
tively, one of a growing number of new techniques [20–29]
can be used.
The above procedure may be simplified if the multi-
dimensional system supports interaction Hamiltonians
that generate all combinations of pair-wise coupling be-
tween the eigenstates, as illustrated for a three-level
atomic system in FIG. 2(a). In this situation, each
measurement operator can be constructed from a two-
dimensional unitary operation, and the SCT procedure
can be broken down into performing a succession of two-
qubit SCT on all possible pairs of levels in the system,
denoted by ovals in FIG. 2(a).
On the other hand it might happen that there are
eigenstates that are not directly coupled, but are coupled
to another common state. This is the case illustrated in
FIG. 2(b). In this scenario, pairwise qubit tomography
will not be sufficient. Nevertheless it is still possible to
gain complete information about the state and, in partic-
ular, the value of the coherences between the levels that
are not directly coupled, by employing ancillary levels
such as the |0〉 state in FIG. 2(b). This will be demon-
strated in the next section, for a three-level atomic sys-
tem in the V configuration.
We note that the general idea of how to perform quan-
tum state topography of d-level systems have been stud-
ied by Thew et al. [30].
IV. EXAMPLE: V-TYPE THREE-LEVEL
SYSTEM
In this section we provide an example of how to ex-
tend SCT to the case of a three-level system in which
two of the levels are not directly coupled by the Hamil-
tonian that is used to perform changes in the measure-
ment basis; FIG 2 (b). We consider a concrete physi-
cal system, nevertheless the conclusions reached in the
following subsections will be independent of the imple-
mentations that we outline here. Tomographic recon-
struction of three-dimensional systems, given completely
characterized unitary operations, has been considered in
references [31–33]. Here we consider the case where the
unitary is not completely characterized.
A. Description of the system
We consider an atomic or molecular three-level sys-
tem with a non-degenerate V-type energy ladder with
excited states |1〉 and |2〉 and ground state |0〉. The mat-
ter Hamiltonian is given by:
Hˆ0 = ~ω1 |1〉 〈1|+ ~ω2 |2〉 〈2| , (32)
where the energy of the ground state |0〉 has been set to
zero. The system will couple to the electromagnetic field
6via the transition dipole moment operator dˆ, where
~d11 = ~d22 = ~d12 = ~d21 = 0 ; (33a)
~d01 = ~d
∗
10 6= 0 ; (33b)
~d02 = ~d
∗
20 6= 0 . (33c)
The light-matter interaction will be given in the dipole
approximation by
Hˆlm(t) = dˆ · ~E(t) , (34)
where ~E(t) = ~E+(t) + ~E−(t) is the electric field. In par-
ticular, it is assumed that the field is in a superposition of
two continuous-wave lasers that are each resonant with
the |0〉 → |1〉 and |0〉 → |2〉 transitions:
~E+(t) = E1e
iθ1e−iω1t~u1 + E2eiθ2e−iω2t~u2 , (35)
where Ei and θi are the controllable amplitudes and
phases of the fields respectively, ~ui are their polarizations,
and ωi their frequencies. Without loss of generality, we
take Ei to be real. In the “bare” basis of the V-type
system, the light-matter interaction Hamiltonian is
Hˆlm(t) = ~d · ~E(t) (36)
=
(
~d10 |1〉 〈0|+ ~d20 |2〉 〈0|+ h.c.
)
· ~E(t). (37)
Making the rotating wave approximation and going into
the interaction picture with respect to the Hamiltonian
Hˆ0, the interaction Hamiltonian is given by
Hˆi(t) =
(
E1e
iθ1 ~d10 · ~u1 + E2eiθ2ei∆21t~d10 · ~u2
)
|1〉 〈0|
+
(
E1e
iθ1ei∆12t~d20 · ~u1 + E2eiθ2 ~d20 · ~u2
)
|2〉 〈0|
+h.c. (38)
where ∆ij = ωi − ωj . We now calculate the generator of
rotations by assuming that the field is turned on at time
−t/2 and turned off at time t/2:
Gˆ =
1
~
∫ t/2
−t/2
dt′Hˆi(t′) (39)
= E1te
iθ1 ~d10 · ~u1 |1〉 〈0|+ E2teiθ2 ~d20 · ~u2 |2〉 〈0|+ h.c.
where we also assumed that t  ∆−112 such that∫ t/2
−t/2 e
i∆12t = 2tsinc(∆12t/2) ≈ 0. We can write the
generator as
Gˆ =
h1
2
eiφ1 |1〉 〈0|+ h2
2
eiφ2 |2〉 〈0|+ h.c. (40)
where
hj = 2Ejt|~dj0 · ~uj | ; (41a)
φj = θj + arg(~dj0 · ~uj) . (41b)
Equation (40) can also be written in the ordered basis
{|0〉 , |1〉 , |2〉} as
G =
1
2
 0 e−iφ1h1 e−iφ2h2eiφ1h1 0 0
eiφ2h2 0 0
 . (42)
The matrix above has both zero trace and zero de-
terminant, and therefore the eigenvalues take the very
simple form spec(Gˆ) = {−
√
h21 + h
2
2/2, 0,
√
h21 + h
2
2/2}.
In the more general case where the electric fields in
(35) are not monochromatic but are time-dependent
pulses, and assuming that their temporal duration is
much longer than 1/∆12, one finds that
Hˆi(t) = E1(t)e
iθ1 ~d10 · ~u1 |1〉 〈0|
+ E2(t)e
iθ2 ~d20 · ~u2 |2〉 〈0|+ h.c.
(43)
The propagator is now strictly given by
T exp (− i~ ∫ dtHi(t)) where T is the time ordering
operator. Given a Hamiltonian Hˆi(t) that commutes
with itself at all times, the propagator reduces to the
simpler form exp
(− i~ ∫ dtHi(t)). We calculate the
commutator of Hˆi(t) at two different times t and t
′:[
Hˆi(t), Hˆi(t
′)
]
= ~d10 · ~u1(~d20 · ~u2)∗ei(θ1−θ2)
× (E1(t)E2(t′)− E1(t′)E2(t)) |1〉 〈2| − h.c. , (44)
where we note that Ej(t) is real. The condition that
[Hˆi(t), Hˆi(t
′)] = 0 can be reached if either E1(t) = 0,
E2(t) = 0 or E1(t) = E2(t) which are precisely the con-
ditions considered in the remainder of this paper. As long
as these conditions are met and the width of the pulses
is much longer than 1/∆12, one can safely disregard the
time ordering operator T .
B. Measurement statistics
We now calculate the measurement statistics associ-
ated with projection onto the two excited states of the
system. A simple way of parametrizing the density ma-
trix of a 3 level system is as follows:
ρˆ =
 ρ00 ρ01e−iγ01 ρ02e−iγ02ρ01eiγ01 ρ11 ρ12e−iγ12
ρ02e
iγ02 ρ12e
iγ12 ρ22
 . (45)
Note that unlike the qubit case, the constraints that
the set of numbers ρij will have to satisfy so that ρˆ is
a non-negative linear operator are by no means trivial
[34, 35].
To perform state tomography on the unknown state ρˆ,
we evolve it according to Uˆν = exp(−iGˆ), where we as-
sume that the interaction time is short compared with the
rate of spontaneous emission. After the evolution is com-
plete, the detection of a spontaneously-emitted photon of
7frequency ω1 or ω2 constitutes a projective measurement
of ρˆ given by the projectors
Πˆ1ν = |1ν〉 〈1ν | ; Πˆ2ν = |2ν〉 〈2ν | , (46)
where |jν〉 = Uˆν |j〉. The statistics associated with mea-
suring Πˆ1ν are given by
n1ν = tr
(
ρˆ′Πˆ1ν
)
=
2∑
i≤j
fijρij , (47)
where ρˆ′ = N ρˆ and the coefficients are given by
f00 = h˜
2
1s
2 ; (48a)
f11 =
(
h˜21c+ h˜
2
2
)2
; (48b)
f22 = h˜
2
1h˜
2
2(c− 1)2 ; (48c)
f01 = 2 sin (β01)
√
f00f11 ; (48d)
f02 = 2 sin (β02)
√
f00f22 ; (48e)
f12 = 2 cos (β12)
√
f11f22 , (48f)
where
h˜j = hj/Ω ; (49a)
c = cos(Ω/2) (49b)
s = sin(Ω/2) (49c)
Ω =
√
h21 + h
2
2 (49d)
β0j = φj − γ0,j ; (49e)
β12 = γ1,2 + φ1 − φ2 . (49f)
We note that there is a non-linear relationship between
the measurement statistics n1ν and the parameters hi and
βjk. Similarly, the statistics associated with measuring
Πˆ2ν are given by
n2ν = tr
(
ρˆ′Πˆ2ν
)
=
2∑
i≤j
gijρij , (50)
where
g00 = h˜
2
2s
2 ; (51a)
g11 = h˜
2
1h˜
2
2(c− 1)2 ; (51b)
g22 =
(
h˜21 + h˜
2
2c
)2
; (51c)
g01 = 2 sin (β01)
√
g00g11 ; (51d)
g02 = 2 sin (β02)
√
g00g22 ; (51e)
g12 = 2 cos (β12)
√
g11g22 . (51f)
From the form of n1ν and n
2
ν , it can be seen that just
one type of measurement, either Πˆ1ν or Πˆ
2
ν , is sufficient to
access all the elements of the density matrix in Equation
(45). We note that, as in the qubit case, the equations are
only invertible for βij , but not for the individual quan-
tities γij and φk. Only if the phases φk are known, can
the complete state be reconstructed. Similarly, only if
the phases γij are known, can the complete unitary be
reconstructed.
Different realizations of one of the projectors Πˆjν can
be used to construct a set of equations invertible for the
unknown parameters of the density matrix, thereby real-
izing quantum state tomography of the three-level system
and/or quantum process tomography of the unitary.
Physically, both fields which couple |1〉 and |2〉 to the
ground state must be present simultaneously in order to
access all elements of the density matrix. This is to be ex-
pected since the only way to have a coherent interaction
between the two excited states in a V-type system is by
going through the ground state—possible only when both
fields are present. This can also be seen from the equa-
tions above, since f12 and g12 are dependent on f11f22
and g11g22 respectively.
C. Unknown transition dipole moments
In this section, we demonstrate how self-calibrating
tomography can be performed on a V-type three-level
system with unknown transition dipole moments ~dj0.
Without loss of generality, we assume that the transition
dipole moments are real and positive. We can therefore
parameterize the generator in Equation (40) as follows:
hj = mjλj ; (52a)
φj = θj , (52b)
where mj = 2Ejt is a controllable parameter propor-
tional to the square of the intensity of the fields, λj =
|~dj0 · ~uj | is unknown and θj is the controllable phase of
each field.
To demonstrate the process of constructing the appro-
priate measurement operators, we break the problem up
into three parts. The first part consists of treating one
ground-excited state pair as a two-level system; this gives
5 measurement operators analogous to the qubit case dis-
cussed above. The second part consists of doing the same
for the other ground-excited state pair; this gives four
additional measurement operators since the ground state
population parameter is already obtained from the first
part. The third part consists of cleverly picking two more
operators to solve for the coherences between the two ex-
cited states.
The first set of measurement operators are given by
Πˆ1 = |1〉 〈1| ; (53a)
Πˆ1ν = Uˆν |1〉 〈1| Uˆ†ν ; for ν = i, ii, iii, iv , (53b)
8where the unitary operations are given by
Uˆi = Uˆ(λ1, 0, 0, 0) ; (54a)
Uˆii = Uˆ(λ1, 0, 0, pi/2) ; (54b)
Uˆiii = Uˆ(2λ1, 0, 0, 0) ; (54c)
Uˆiv = Uˆ(2λ1, 0, 0, pi/2) , (54d)
where
Uˆ(h1, h2, φ1, φ2) = e−iGˆ(h1,h2,φ1,φ2) , (55)
and G(h1, h2, φ1, φ2) is defined in Equation (40). The
second set of measurements is given by
Πˆ2ν = Uˆν |2〉 〈2| Uˆ†ν ; for ν = v, vi, vii, viii , (56)
where
Uˆv = Uˆ(0, λ2, 0, 0) ; (57a)
Uˆvi = Uˆ(0, λ2, 0, pi/2) ; (57b)
Uˆvii = Uˆ(0, 2λ2, 0, 0) ; (57c)
Uˆviii = Uˆ(0, 2λ2, 0, pi/2) . (57d)
The third set will need to provide information about
the coherences between the two excited states. For this,
we require both fields to be present simultaneously.
Πˆ1ν = Uˆν |1〉 〈1| Uˆ†ν ; for ν = ix, x , (58)
where
Uˆix = Uˆ(λ1, λ2, 0, 0) ; (59a)
Uˆx = Uˆ(λ1, λ2, 0, 0 + pi/2) . (59b)
To verify that the measurement statistics njν =
tr(Πˆjν ρˆ), given by the above operators, generate a set
of equations invertible for the unknown parameters, we
calculate the Jacobian defined in Equation (13). We
note that the three sets of inversions are independent
of each other. Therefore, as long as one can retrieve:
{ρ00, ρ11, ρ01, λ1, γ1} from the first set of measurements
in Equations (53); {ρ22, ρ02, λ2, γ2} from the second set
in Equations (56); and {ρ12, γ12} from the third set in
Equations (58) the inversion is possible.
Equivalently, one can compute the Jacobian matrix
and notice that it is upper block triangular where the
first 5 × 5 block corresponds to (53), the second 4 × 4
block corresponds to (56), and the final 2× 2 block cor-
responds to (58). This is demonstrated schematically in
FIG. 3. Explicitly the Jacobians for the blocks are:
J1 = 64 sin
6
(
λ1
2
)
cos4
(
λ1
2
)
ρ201
× (sin (γ01)− cos (γ01)) ;
(60a)
J2 = 2 sin
4(λ2) cos(λ2)ρ
2
02 (cos (γ02)− sin (γ02)) ; (60b)
J3 = −
16λ21λ
2
2 sin
4
(
Ω
4
)
ρ12
(
λ21 + λ
2
2 cos
(
Ω
2
))2
Ω8
. (60c)
FIG. 3: Structure of the Jacobian matrix for the V-type three-
level system. White squares indicate a null element of the ma-
trix. Black lines denote the three blocks associated with J1, J2
and J3. Gray non-zero elements outside the black boundaries
signify that each block can only be solved if the blocks before
it have already been solved.
Given the block structure of the matrix, the Jacobian
of the whole transformation is simply
J = J1J2J3 . (61)
The analysis of the singularities of the quantities above
(i.e. when Ji = 0) is completely analogous to that for the
qubit case. In fact, J1 = JB in Equation (20) if γ01 → γ
and λ1 → λc. We note that in all cases, the Jacobians are
proportional to the coherences simply because the phases
γi,j are undefined if the coherences ρi,j = 0.
If the Jacobian in Equation (61) is non-zero, we can
perform complete quantum state tomography on the
three-level system and partial quantum process tomog-
raphy on the unitary, solving for the unknown transition
dipole moments of the three-level system.
We also note that the measurement operators pre-
sented here are by no means unique. Other unitaries,
such as those that always contain both fields, may be
preferable from an experimental perspective. The ad-
vantage of the above choice of operators is two-fold.
Firstly, it demonstrates that the task of constructing
measurement operators for larger-dimensional systems
can largely be broken up into the less daunting task of
performing SCT on two-level systems. Secondly, it allows
for a more efficient computation of the Jacobian to test
the choice of operators.
This analysis can be extended to systems with more
complex coupling structures. One can use perturbation
theory to show that if two levels are coupled by d ancillary
levels, an expansion to order d+ 1 of the propagator will
be able to extract the coherence between those levels. For
the case of d = 1 this reduces to the qutrit case discussed
9here.
V. DISCUSSION AND CONCLUDING
REMARKS
We have developed a full theoretical formalism for
quantum tomography that treats unknown parameters in
the state and unitary process on an equal footing. This
treatment is applicable to arbitrary-dimensional systems,
where the unitary operations used to change the measure-
ment basis are not completely characterized.
To date, the duality between unknown parameters in
the state and process has been considered in only a hand-
ful of publications; characterization of states and pro-
cesses is still largely treated independently. We hope
that the ideas presented in this paper will provide av-
enues toward a unified treatment that simplifies exper-
iments by eliminating the need for prior calibration, as
well as permits characterization of quantum states where
state tomography is currently not possible due to lack of
well-characterized unitary operations.
It is important to note that our formalism applies to
unitary evolution. This is a valid assumption for some
systems, such as free-space linear-optical experiments or
atomic systems that are well-isolated from their envi-
ronment. However, in general, the process will be non-
unitary and described by a positive map. This general-
ization will be discussed in upcoming work.
VI. ACKNOWLEDGEMENTS
This work was funded by the DARPA (QuBE) program
and NSERC. The authors thank Hubert de Guise for
helpful comments on the manuscript.
[1] M. A. Nielsen and I. L. Chuang, Quantum computation
and quantum information (Cambridge University Press,
Cambridge, 2000).
[2] K. Vogel and H. Risken, Phys. Rev. A 40, 2847 (1989).
[3] U. Leonhardt, Phys. Rev. Lett. 74, 4101 (1995).
[4] D. F. V. James, P. G. Kwiat, W. J. Munro, and A. G.
White, Phys. Rev. A 64, 052312 (2001).
[5] A. M. Bran´czyk, D. H. Mahler, L. A. Rozema, A. Darabi,
A. M. Steinberg, and D. F. V. James, New J. Phys. 14(8),
085003 (2012).
[6] C. Brif and A. Mann, J. Opt. B: Quantum Semiclassical
Opt. 2(3), 245 (2000).
[7] D. Mogilevtsev, Phys. Rev. A 82, 021807 (2010).
[8] D. Mogilevtsev, J. Rˇeha´cˇek, and Z. Hradil, New J. Phys.
14(9), 095001 (2012).
[9] S. T. Merkel, J. M. Gambetta, J. A. Smolin, S. Poletto,
A. D. Co´rcoles, B. R. Johnson, and M. S. Colm A. Ryan,
arXiv:1211.0322 [quant-ph] (2012).
[10] D. Kaszlikowski, L. C. Kwek, J.-L. Chen, M. Z˙ukowski,
and C. H. Oh, Phys. Rev. A 65, 032118 (2002).
[11] D. Collins, N. Gisin, N. Linden, S. Massar, and
S. Popescu, Phys. Rev. Lett. 88, 040404 (2002).
[12] D. Bruß and C. Macchiavello, Phys. Rev. Lett. 88,
127901 (2002).
[13] N. J. Cerf, M. Bourennane, A. Karlsson, and N. Gisin,
Phys. Rev. Lett. 88, 127902 (2002).
[14] G. S. Engel, T. R. Calhoun, E. L. Read, T.-K. Ahn,
T. Mancal, Y.-C. Cheng, R. E. Blankenship, and G. R.
Fleming, Nature 446(7137), 782 (2007).
[15] E. Collini and G. D. Scholes, Science 323(5912), 369
(2009).
[16] G. Panitchayangkoon, D. Hayes, K. A. Fransted, J. R.
Caram, E. Harel, J. Wen, R. E. Blankenship, and G. S.
Engel, Proc. Natl. Acad. Sci. U.S.A. 107(29), 12766
(2010).
[17] C. G. J. Jacobi, Ueber die Functionaldeterminanten (W.
Engelmann, Leipzig, 1896).
[18] A. G. White, D. F. V. James, P. H. Eberhard, and P. G.
Kwiat, Phys. Rev. Lett. 83(16), 3103 (1999).
[19] Z. Hradil, Phys. Rev. A 55, R1561 (1997).
[20] M. S. Kaznady and D. F. V. James, Phys. Rev. A 79,
022109 (2009).
[21] R. Blume-Kohout, New J. Phys. 12(4), 043034 (2010).
[22] D. Gross, Y.-K. Liu, S. T. Flammia, S. Becker, and J. Eis-
ert, Phys. Rev. Lett. 105, 150401 (2010).
[23] G. To´th, W. Wieczorek, D. Gross, R. Krischek,
C. Schwemmer, and H. Weinfurter, Phys. Rev. Lett. 105,
250403 (2010).
[24] Y. S. Teo, H. Zhu, B.-G. Englert, J. Rˇeha´cˇek, and Z. c. v.
Hradil, Phys. Rev. Lett. 107, 020404 (2011).
[25] R. Blume-Kohout, Phys. Rev. Lett. 105, 200504 (2010).
[26] H. K. Ng and B.-G. Englert, arXiv:1202.5136 [quant-ph]
(2012).
[27] M. Christandl and R. Renner, arXiv:1108.5329v1 [quant-
ph] (2011).
[28] R. Blume-Kohout, arXiv:1202.5270v1 [quant-ph] (2012).
[29] T. Moroder, P. Hyllus, G. To´th, C. Schwemmer,
A. Niggebaum, S. Gaile, O. Gu¨hne, and H. Weinfurter,
New J. Phys. 14(10), 105001 (2012).
[30] R. T. Thew, K. Nemoto, A. G. White, and W. J. Munro,
Phys. Rev. A 66, 012303 (2002).
[31] H. F. Hofmann and S. Takeuchi, Phys. Rev. A 69, 042108
(2004).
[32] Y. I. Bogdanov, M. V. Chekhova, L. A. Krivitsky, S. P.
Kulik, A. N. Penin, A. A. Zhukov, L. C. Kwek, C. H. Oh,
and M. K. Tey, Phys. Rev. A 70, 042303 (2004).
[33] A. B. Klimov and H. de Guise, J. Phys. A: Math. Theor.
41(2), 025303 (2008).
[34] M. S. Byrd and N. Khaneja, Phys. Rev. A 68, 062322
(2003).
[35] S. Kryszewski and M. Zachcia l, J. Phys. A: Math. Gen.
39(20), 5921 (2006).
